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Overview

» Foundations of Geometric Algebra (GA) K
= GA Applications

= One GA example

= GA Computing
» precompiler for standard programming languages

» Molecular dynamics application
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Family Tree for Geometric Calculus
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= Quter Product
b

. a
g _, ;
a _ \
vector bivector trivector
* [Inner Product
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Hermann G. Grassmann B g, UNIVERSITAT
1862 DARMSTADT

= Quter Product
b

vector bivector trivector

= |nner Product

cross product and scalar product are
special cases of these general products
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» Preface of ,Ausdehnungslehre” (Extensive Algebra) of 1862:

"l remain completely confident that the labor | have expended
on the science presented here and which has demanded a
signicant part of my life, as well as the most strenuous
application of my powers, will not be lost. It is true that | am
aware that the form which | have given the science is imperfect
and must be imperfect. But | know and feel obliged to state
(though I run the risk of seeming arrogant) that even if this work
should again remain unused for another seventeen years or
even longer, without entering into the actual development of
science, still that time will come when it will be brought forth |
grotnpl ’]ghe,tq'ust of oblivion and when ideas now dormant will bring
orth fruit.

and he went on to say: , _

"there will come a time when these ideas, perhaps in a new.
form, will arise anew and will enter into a living communication
with contemporary developments.”

Dietmar Hildenbrand | "Foundations of Geometric Algebra Computing” | TU Darmstadt
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» Preface of ,Ausdehnungslehre” (Extensive Algebra) of 1862:

"l remain completely confident that the labor | have expended
on the science presented here and which has demanded a
signicant part of my life, as well as the most strenuous
application of my powers, will not be lost. It is true that | am
aware that the form which | have given the science is imperfect
and must be imperfect. But | know and feel obliged to state
(though I run the risk of seeming arrogant) that even if this work
should again remain unused for another seventeen years or
even longer, without entering into the actual development of
science, still that time will come when it will be brought forth
]trotmh ’]ghe,tq'ust of oblivion and when ideas now dormant will bring
orth fruit.

and he went on to say: , _

"there will come a time when these ideas, perhaps in a new.
form, will arise anew and will enter into a living communication
with contemporary developments.”
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» Preface of ,Ausdehnungslehre” (Extensive Algebra) of 1862:

"l remain completely confident that the labor | have expended
on the science presented here and which has demanded a
signicant part of my life, as well as the most strenuous
application of my powers, will not be lost. It is true that | am
aware that the form which | have given the science is imperfect
and must be imperfect. But | know and feel obliged to state
(though I run the risk of seeming arrogant) that even if this work
should again remain unused for another seventeen years or
even longer, without entering into the actual development of
science, still that time will come when it will be brought forth |
grotnpl ’%he,tq'ust of oblivion and when ideas now dormant will bring
orth fruit.

and he went on to say: , ,

"there will come a time when these ideas, perhaps in a new.
form, will arise anew and will enter into a living communication
with contemporary developments.”
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= Geometric Product
= For vectors

ur =uhv+u- .

= Quaternions of Hamilton

_i\l 843 )~ 1844

Quaternions Extensive Algebm
Hamulon Grassmann

U 1862

. Clifford Algebra
Vector Calculus Clifvord

Caibbes
1 //

= Normally called Clifford algebra in honor of Clifford
» He called it geometric algebra

Dietmar Hildenbrand | "Foundations of Geometric Algebra Computing" | TU Darmstadt
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David Hestenes Algeben & UNIVERSITAT
Caleulus DARMSTADT

= realized geometric algebra as a general language for physics
(,New Foundations of Classical Mechanics, ...)
= developed calculus
("Clifford Algebra to Geometric Calculus:

A Unified Language for
Mathematics and Physics")
» developed the Conformal Geometric Algebra

= Geometric Algebra <-> Clifford Algebra?

Dietmar Hildenbrand | "Foundations of Geometric Algebra Computing” | TU Darmstadt o
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Goal of geometric algebra

= Mathematical language
close to the geometric

intuition

Dietmar Hildenbrand | "Foundations of Geometric Algebra Computing" | TU Darmstadt
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Conformal Geometric Algebra (CGA) ( ~ universitar
Jr— DARMSTADT

. 5 basis vectors:

® . 62,603
® . '[]'11}_*,11].

e ¢ : point at mfinity

Dietmar Hildenbrand | "Foundations of Geometric Algebra Computing” | TU Darmstadt R
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Basis elements of CGA
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Grade|Term Blades No.
== [Scalar 1
| LA 1 Veéctor €1,€2,€3, oo, € 5
I L] 1,E2,€E3; Eany ED
: €1 Aez._”et ﬂealfclf\e.ﬂw._ <
2 Bivector e1 Nep, [ea A es ““qaf €oa, 10 1, Ja k
e I es Neg, ez Néy, €3 ﬁ'i‘fﬁw_%__x_‘_ , ‘
bold b & €Cao N €0 T ‘cos —simer 0
- L [ et ANea Aes, eg Nea e, 1 Aeaeg, 1~ b ommee 0
\ 3 Trivector e1 Nes Aese, €1 ANeaNeo, €1 A€ Aeo,lll 0 o 1)
ea Nez Aes, €2 NesNey, ex\es Aeg, h ]
€3 M\ €as A\ Ep
er1 Nea Aesg A e,
ey Aea Aes Aep,
4 Quadvector |ej1 A ea A ex A €p, 5
e Neg e Aép,
ea MNex ANese N\ €
5 Pseudoscalar|e,s A ez Aes A e Aeo 1
e
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Plane and sphere as vector

expression
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Intersection of geometric objects

» a,b are sphere

"anb
= describes the intersection of the spheres

" represents a circle

Dietmar Hildenbrand | "Foundations of Geometric Algebra Computing" | TU Darmstadt
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Intersection of sphere and line

o szsl/\l

\
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Circle and line et
DARMSTADT
= Circle (a*b”c)
= Circle -> Line
(C— € ) -
18.04.2019 | Technische Universitat Darmstadt | Computer Science Department | Dietmar Hildenbrand | 18 L o =%
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Geometric Operations
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= Rotation about L (through the
origin)

= Rotor

= Quaternion

() = c:c:ms(f) + L 5111(2)
2 2
» Note.: the line can be arbitrary

-> Rotation about an arbitrary
axis(dual quaternion)

Dietmar Hildenbrand | "Foundations of Geometric Algebra Computing" | TU Darmstadt
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The inner PI’OdUCt UNIVERSITAT
DARMSTADT
{I'b I||'.J|| ”'"
E;- .-:.!-fJ-—lﬂll-lrJ_IEUSQ'J
= a,b 3D vectors \
-> scalar product e I
Dietmar Hildenbrand | "Foundations of Geometric Algebra Computing" | TU Darmstadt X o =%
. COCOON"

@ O w0



TECHNISCHE

Distances

UNIVERSITAT
DARMSTADT
One formula for | \\ S
= distance of two points ) /»

= distance between point and plane

= js a point inside or outside of a
sphere?  a*=-25.pP

/ Sphere

a) b)

Dietmar Hildenbrand | "Foundations of Geometric Algebra Computing" | TU Darmstadt
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Angles S%@//=\ UNIVERSITAT

09-3 DARMSTADT

cos(f) =a-b

One formula for the angle between
= 2 lines

» 2 planes

= 2 circles

Dietmar Hildenbrand | "Foundations of Geometric Algebra Computing" | TU Darmstadt




A TECHNISCHE
UNIVERSITAT

Properties of Conformal Geometric Algebra
DARMSTADT

» Easy calculations with geometric objects and
transformations v

= Geometric intuitiveness 4 ' e
= Simplicity 0
= Compactness !2 -

» Unification of mathematical systems
= Complex numbers
= Vector algebra
= Quaternions
» Projective geometry
» Pllicker coordinates

Dietmar Hildenbrand | "Foundations of Geometric Algebra Computing” | TU Darmstadt
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First commercial product

= since 2007:
» Real time lighting engine Enlighten
= Geomerics, Cambridge UK
» Unreal Game Engine

Dietmar Hildenbrand | "Foundations of Geometric Algebra Computing" | TU Darmstadt L o 0=
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Our Applications

=  Robot kinematics

Station
[rame

Base lrame

Dietmar Hildenbrand | "Foundations of Geometric Algebra Computing" | TU Darmstadt
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Application

=  Computer animation/
Virtual reality

[Tolani et al. 2000]

Dietmar Hildenbrand | "Foundations of Geometric Algebra Computing” | TU Darmstadt R
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Application

=  Approximation of geometric objects to point clouds of laser
scans

Dietmar Hildenbrand | "Foundations of Geometric Algebra Computing" | TU Darmstadt .
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Application

= Finite Element Solver
= compact expressions for
= velocities

= forces

= combining rotational and linear
parts

[Elmar Brendel et al]

Dietmar Hildenbrand | "Foundations of Geometric Algebra Computing” | TU Darmstadt B e
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Application UNIVERSITAT
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= Molecular dynamics simulation
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Application within Cocoon

= EM simulation

Vector Algebra Geometric Algebra Geometric Algebra
VE=p VE=p VE =p - 0,IB)
VXE = —-¢,B VAE = —4,(IB)
VB = 0+I(J+0,E)
VB =0 VB =0 =
VxXB = J+0,E VAB = I(J+8,E) V(IB) = —(J+6,E)
Replace: Geometric Product:
scalar product with Combine inner and
inner product outer product
cross product with ab=a-b+anrb

outer product

Finally combine them to a single multivector:

V(E+IB)+¢,(E+IB) = p—J

» One formula for Maxwell equations

Dietmar Hildenbrand | "Foundations of Geometric Algebra Computing" | TU Darmstadt
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Horizon Example

= Compute the horizon circle with

= observer P
= Earth S

Dietmar Hildenbrand | "Foundations of Geometric Algebra Computing" | TU Darmstadt
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Warum Horizont-Aufgabe?

= Nachweis von
= Nahe der algebraischen Beschreibung zur geometrischen Vorstellung

= Einfachheit/Kompaktheit der Algorithmen

Dietmar Hildenbrand | "Foundations of Geometric Algebra Computing" | TU Darmstadt B
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“P. S ..C?
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The Solution

= Which sphere intersects with the sphere S at the horizon circle?

Dietmar Hildenbrand | "Foundations of Geometric Algebra Computing" | TU Darmstadt o0 =
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The Solution

= Which sphere intersects with the sphere S at the horizon circle?
Sphere K with center P and radius such that it touches S

Dietmar Hildenbrand | "Foundations of Geometric Algebra Computing" | TU Darmstadt o © o
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The solution

DARMSTADT
= Which sphere intersects with the sphere S at the horizon circle?
Sphere K with center P and radius such that it touches S
» The radius of K?
K

Dietmar Hildenbrand | "Foundations of Geometric Algebra Computing" | TU Darmstadt
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The solution

DARMSTADT
= Which sphere intersects with the sphere S at the horizon circle?
Sphere K with center P and radius such that it touches S
» The radius a of K?
a®>=—25.P e - L
r \
/) p
/

Dietmar Hildenbrand | "Foundations of Geometric Algebra Computing" | TU Darmstadt
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The solution

= Which sphere intersects with the sphere S at the horizon circle?
Sphere K with center P and radius such that it touches S

= The radius a of K?

a’=-25-P

= How to describe the sphere K?

o &%
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The solution

= Which sphere intersects with the sphere S at the horizon circle?
Sphere K with center P and radius such that it touches S

= The radius a of K?

a*=-25-P

= How to describe the sphere K?

1
K= P—Eae =P+ (S:-Pe,

Dietmar Hildenbrand | "Foundations of Geometric Algebra Computing” | TU Darmstadt o
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The solution

= Which sphere intersects with the sphere S at the horizon circle?
Sphere K with center P and radius such that it touches S

= The radius a of K?

a’=-25-P

= How to describe the sphere K?

1
K= P—Eae =P+ (S:-Pe,

= The formula for the horizon circle C?

Dietmar Hildenbrand | "Foundations of Geometric Algebra Computing" | TU Darmstadt e
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The solution

= Which sphere intersects with the sphere S at the horizon circle?
Sphere K with center P and radius such that it touches S

= The radius a of K?

a’=-25-P

= How to describe the sphere K?

1
K= P—Eae =P+ (S:-Pe,

= The formula for the horizon circle C?
(=85AK

C=SA(P+(S: Plex).

Dietmar Hildenbrand | "Foundations of Geometric Algebra Computing" | TU Darmstadt o
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Properties of Geometric Algebra

= geometrically intuitive?
= simple?

= compact?

= role of coordinates?

C=S8A(P+(5Ples).

Dietmar Hildenbrand | "Foundations of Geometric Algebra Computing" | TU Darmstadt B
- €OCo0n



How to support the widespread use of rechnische
geometric algebra? UNIVERSITAT

» What form of geometric algebra do we need today?

"there will come a time when these ideas, perhaps in a new form, will arise
anew and will enter into a living communication with contemporary

developments.” [Grassmann 1862]

» Making it accessible for as many people as possible and their
applications
» -> provide a suitable computing technology

Dietmar Hildenbrand | "Foundations of Geometric Algebra Computing” | TU Darmstadt =
 COCOON
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Geometric Algebra Computing

Exterior Alpebra 1862
Grazzmant

\

Clifford Algsbra
1080°s Single processor Clifford 1878
platforms l

2000°s Parallel computing Conformal Geometric Algebra 2001

platforms Hestenes

/

Dietmar Hildenbrand | "Foundations of Geometric Algebra Computing” | TU Darmstadt R
. cocoon



TECHNISCHE

Goals of Geometric Algebra Computing & * universiar
97— DARMSTADT

|
SIS

www.GAALDP.DE

¥

. gmetric algebra algorithms optimizer (www.gaalop.de)

» Easy development process
= integration in standard programming languages
» [ntuitive and compact descriptions based on geometric algebra

= leading to
= reduction in development time

= better maintainability
= High performance and robustness of the implementation

o

Dietmar Hildenbrand | "Foundations of Geometric Algebra Computing" | TU Darmstadt 3 o
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» Visual and interactive development
= Compact algorithms (about 30%)

= First implementation:
= 50 times slower than conventional implementation

= Eurographics 2006:

= Paper " Competitive runtime performance for inverse kinematics algorithms using
conformal geometric algebra " by Dietmar Hildenbrand, Daniel Fontijne, Yusheng

Wang, Marc Alexa and Leo Dorst
» First geometric algebra implementation that was faster than the conventional
implementation

Dietmar Hildenbrand | "Foundations of Geometric Algebra Computing” | TU Darmstadt R
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Geometric Algebra Computing Architecture

Geometric Algebra Algorithm (CLUCalc)

Maple based / Table based Approach

¥

IR (intermediate representation)
| :
ST“ﬂmia‘ P‘ﬂ“‘lﬁm Parallel platforms
| l |

C++ Java QpenCL CUDA FPGA

Dietmar Hildenbrand | "Foundations of Geometric Algebra Computing” | TU Darmstadt R
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Table based Compilation Example UNIVERSITAT
DARMSTADT
» Geometric product multiplication table in 3D GA:
b by | by | b3
E, | Eb Ex | E4 | Es | Es | E7 | Eg
a I e |e |e3 |enn|en|en|en
Ey |1 () (0 (0 (0 0 0 0 0
ay | E2 | e () Ej Es | E7 |0 (0 () (0
a | Es |ex || 0 | -Es |Ef |Es |0 |0 [0 [0
azy | £y | e3 (0 B | -Eg | Ey | O 0 0 (0
Es | e 0 0 0 0 0 0 0 0
Eg | en 0 0 0 0 0 0 0 0
E7 | e () 0 0 0 0 0 0 0
Eg | ej23 || O 0 () 0 (0 (0 0 (0
» GA algorithm: resulting C code:
c[l]l=al+bl+aZ+bZ2+ai+b3;
a=alxel+aZreZ+ald+e3; c[E]l=al+b2-a2«bl;
b=bl*el+bZ+e24+b3*xe3; ﬂ cl6]l=a2+«b3-a3+b2;
7c=axbj c[7]=al+«b3-a3«bl;

Dietmar Hildenbrand | "Foundations of Geometric Algebra Computing” | TU Darmstadt
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Table based Compilation Example UNIVERSITAT
DARMSTADT
» Geometric product multiplication table in 3D GA:
b b, | by | b;
E, | Eb Ex | E4 | Es | Es | E7 | Eg
a I e |e |e3 |enn|en|en|en
Ey |1 () 0 0 0 0 0 () ()
ay | £2 | el (0 /@ Es | E7 |0 0 () (0
a | Ex |e2 || 0 | Es{ED|E |0 [0 [O [0
azy | £y | e3 (0 E7 | -Es [ED| O 0 (0 (0
Es | e 0 (0 0 0 0 0 0 0
Eg | en 0 (0 0 0 0 0 0 0
E7 | e () 0 0 0 0 0 () ()
Eg | ej23 || O 0 (0 0 0 0 () (0
» GA algorithm: resulting C code:
c[l]l=al+bl+aZ+bZ2+ai*b3;
a=alxel+are2+ald«e3; { } =a *M—azkm;)
b=bl*el+bZ+e24+b3*xe3; ﬂ cl6]l=a2+«b3-a3+b2;
7c=axbj c[7]=al+«b3-a3«bl;

Dietmar Hildenbrand | "Foundations of Geometric Algebra Computing” | TU Darmstadt
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Advantage UNIVERSITAT

DARMSTADT

= Sum of products -> SIMD
= Vectorl™Vectori .

Dietmar Hildenbrand | "Foundations of Geometric Algebra Computing" | TU Darmstadt L o 0=
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Horizon Example in Gaalop

W Gaalop E@M

www.GAALOP.DE

= = " — 5
Mew File Doen File Save File |u| Close J%’ Configura [de.gaal&p.tl:-aF’Jugiﬂ
Welcome | ‘Q_\w_ ]

P = VecH3{px,pv,pZ)r S/ view polnt

M = ei; J/ center peint of earth set to erigin
5 = M-0.5*r*r+*einf; // asphere representing earth

H = B+{P.5)*einf; J# aphere around P

TC=5K; //intersection circle

» based on the CLUCalc language (www.clucalc.info)

P = VecN3(px.py.pz); S/ view point

M= el; // center point of earth set to origin
S = M-0.5%r*rxeinf // sphere representing earth

K =P+(P.8)*eint; /4 sphere around P

=hK; // intersection circle

Dietmar Hildenbrand | "Foundations of Geometric Algebra Computing" | TU Darmstadt




Horizon Example in Gaalop
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DARMSTADT

= 32-dim multivector array with optimized coefficient computations

€8] = 0:5% « px * t x 7 LS
C[9] = — px; //
C[11] = 0.5f * py # = % 3 //
C[12] = - py; //
Cl13] = 0.5 x pz * © % 135 S/
C[14] = — pz; //
e8] = - £ = r; //

= ... to be further optimized from the storage point of view

el "einf
el "ell
e2  einf
e2 el
el einf
ed el
einf el

Dietmar Hildenbrand | "Foundations of Geometric Algebra Computing" | TU Darmstadt
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Horizon Example in Gaalop

TECHNISCHE
UNIVERSITAT
DARMSTADT

= 32-dim multivector array with optimized coefficient computations

€[8] = B:5% % px * r * r; Jf

C[9] = — px; il
C[11] = 0.5f * py * t * r; //
C[12] = — py; //
C[13] = 0.5f % pz * r % r; //
C[14] = — pz; //
e8] = - £ = r; //

= ... to be further optimized from the storage point of view

This kind of very easy arithmetic expressions lead to high runtime

performance and robustness

el "einf
el "ell
e2  einf
e2 el
el einf
ed el
einf el

Dietmar Hildenbrand | "Foundations of Geometric Algebra Computing" | TU Darmstadt

. €0coon



TECHNISCHE

Gaalop Precompiler 2 Do
9r~ DARMSTADT
#Pragma epe e GA enhanced C++ Code

Import of multivectors (if needed)

#pragma clucalc begin

Wi D AALOP.DE

Geometric Algebra code based on CLUCalc

#pragma clucalc end

Export of multivectors (if needed)
#pragma gpe end Optimized C++ Code
Dietmar Hildenbrand | "Foundations of Geometric Algebra Computing" | TU Darmstadt L o 0=
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Gaalop Precompiler

= Visualization of the horizon example

void horizon() {

#pragma clucalc begin K
: Black ;
P = VeecN3(1.1.,0);
r = i
: Blue ;
S = e —0.5xr*xr*xeinf:

: Color (0,1 ,0,0.2]);
:K = P+H{P.5)*einf;
:Red ;

o= 5K

#pragma clucalc end

¥
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Gaalop Precompiler

» Horizon computations in C++

#Hinclude <iostream>
#include <gp.h>

int main() {
#pragma gpc begin
H#pragma clucalec begin
P= NecN3(1,1.00;
RIS
S = el —0.5+«r*r=einf;
C=S"(P+(P.S)*xeinf);
7homogeneousCenter = Cseinf*C:
7scale = —homogeneousCenter. einf;
?EuclideanCenter = homogeneousCenter [/ scale:
H#pragma clucalec end
std :: cout << mv_get_bladecoeff(homogeneousCenter ,ell) << std :: endl;
std :: cout << mv_get_bladecoeff( EuclideanCenter ,ell) << std:: endl;
std :: cout << mv_get_bladecoeff( EuclideanCenter ,el)
<< " " << mv_get_bladecoeff( EuclideanCenter ,e2)
<< 7,7 << mv_get_bladecoeff({ EuclideanCenter ,e3);
Hpragma gpc end
return 0;

}
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» Gaalop GPC for OpenCL
GA enhanced OpenCL Code
Optimized OpenCL Code
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Gaalop Precompiler UNIVERSITAT
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u Horlzon example __kernel void horizonKernel(__global
. float+ circleCenters, __global const floats points,
"N OpenCL const unsigned int num_points )
{
const int id = get_global_id (0);
#pragma gpc begin
P = VecN3(points [id ],
points [id4num_points] ,
points [id+2*num_points ] );
#pragma clucalec begin
B = Lk
S = e0—0.5%r=r=*einf
C=58"(P+(P.S5)*einf);
?homogeneousCenter = Creinf*C;
?scale = —homogeneousCenter. einf :
?EuclideanCenter = homogeneousCenter [/ scale;
#pragma clucale end
circleCenters = mv_to_stridedarray ( EuclideanCenter ,

id , num_points, el ,e2,e3);
#pragma gpc end
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= Sum of products -> SIMD
= Vectorl™Vectori .
» Few special cases
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List of Precompiler Functions

coeff = mv_getbladecoeff{mv.blade); Get the coeflicient of blade
blade of multivector mv.

array — mv_to_array(mv. blades....): Write the blades blades ....
of multivector mv to
array array. Example
array — mv_to_array
(mv.el.e2.e3.e0. einf );.

array = mv_to_stridedarray(mv.index,stride.blades ....); Write the blades blades ....
of multivector mv
to array array  with
stride  stride. Example
array = mv_to_array
(mv.nummvs,
el.e2,ed.el,einf );.

vector = mv_to_vector(mv, blades ....): Write the multivector mv to
vector vector.

mv = mv_from_vector(vector,blades,..); Construct multivector mv
from vector vector.

mv = mv_from_array(array.blades...); Construct  multivector mv
from array array

mv = mv_from_stridedarray(array.index,stride,blades ,...); |Construct multivector mv
from array array with stride
stride.

Dietmar Hildenbrand | "Foundations of Geometric Algebra Computing" | TU Darmstadt
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Gaalop GPC for OpenCL ... UNIVERSITAT
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= ... available for Windows and Linux (www.gaalop.de).
= Application example: Molecular dynamics ...
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Molecular Dynamics in a Nutshell

= A Molecule is a compound of several atoms,
= which are assumed to be static inside the molecule.
= Every atom sends out attraction or repulsion forces to every other atom.

» These forces then result in a movement of the molecules according to
Newton's and Euler's laws.

» This is simulated for 1000s of molecules in parallel.

Dietmar Hildenbrand | "Foundations of Geometric Algebra Computing” | TU Darmstadt
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Molecular Dynamics in a Nutshell

= A Molecule is a compound of several atoms,
= which are assumed to be static inside the molecule.
= Every atom sends out attraction or repulsion forces to every other atom.

» These forces then result in a movement of the molecules according to
Newton's and Euler's laws.

» This is simulated for 1000s of molecules in parallel.
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» Lennard Jones potential
100

e 50

2

S o 12 g\ 6

GC) 0 I s e V(r) — 46 [(_) T (_> ]

O e r r

c

= 3

3! r=r;—r; R

T -50 . J

2 Empirical

= Lennard—-Jones -

-100 | | | | |
3.0 4.0 5.0 6.0 7.0 8.0
R (A)
www.wikipedia.de

Dietmar Hildenbrand | "Foundations of Geometric Algebra Computing" | TU Darmstadt

. €9c00n



A TECHNISCHE
UNIVERSITAT
DARMSTADT

Molecular dynamics simulation

» | ennard Jones force
= is the negative gradient of the Lennard Jones potential

F(r)=-V,V

» and results in the following force vector acting upon a pair of atoms

F(r) = 2de— |2 13
[ |||

= All forces (and torques) acting on a particular molecule can be summed up to a

single net force.
= With Newton's law F=m~a this force results in an accelaration of the molecule.

Dietmar Hildenbrand | "Foundations of Geometric Algebra Computing” | TU Darmstadt R
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Conventional molecular dynamics solver

= Conventional Velocity Verlet timestep integration method

1
1. Calculate: F(t 4+ At) = Z(t) + T(t) At + i&'(t}{&t)z

At (1) At
2. Calculate: ’l_a"l::t + ?) _ “ﬁ'l::t) n Hl:: %

3. Derive i7[1 + /\f)from the interaction potential.
p

At 1t + Af)At
4. Calculate: ﬁ{t-l—ﬂt} :’ﬁl::t—l— T) 4 ﬂ[ ‘|‘2 )

www.wikipedia.de

Note that those steps have to be computed separately
1. for the translation part
2. for the rotational part

Dietmar Hildenbrand | "Foundations of Geometric Algebra Computing" | TU Darmstadt
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= Velocity Verlet in Conformal Geometric Algebra:

Displacement propagation: D(t + At)

Midpoint velocity: Vi (t+ %] = V(t) + ﬁ(ﬂ%

Acceleration: Vit + At) = e tp(t + At) — egoqwp(t + At)
Velocity propagation: Va(t + At) = Vi (£ + %]I - %E'},. (t + At)At
with

D:lam(ziﬁn=lﬂﬁﬂ”ﬂ>
2 2 2

3 1 1. 1 72 1 3

and with the Euclidean pseudoscalar

2193 = £1 A ez e

Florian Seybold (HLRS), based on David Hestenes's work

D(t) + D(t)At + $D(t)(At)

» CGA combines translational and rotational parts into one compact

algorithm.

Dietmar Hildenbrand | "Foundations of Geometric Algebra Computing" | TU Darmstadt

. €0coon’



TECHNISCHE
UNIVERSITAT
DARMSTADT

General Solver concept

= solver is separated into 3 parts

1. molecule verlet time integration step 1
» updates the molecule's position and orientation
= N computations for N molecules

2. computation of potential forces
» updates each molecule's force and torque

* n X (n-1) computations for n atoms

3. molecule verlet time integration step 2
= updates the molecule's linear and angular velocity

= N computations for N molecules

Dietmar Hildenbrand | "Foundations of Geometric Algebra Computing” | TU Darmstadt R
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OpenCL-Solver concept

Lol OpenCL enabled GPU
Initialization

Upload Data

y

Download Data

Visualization (optional)
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» Gaalop Precompiler for OpenCL code:
#pragma clucalc begin
/) ecaleulation
const floatmv D1t = 0.5 » DO_t = VO_t;
const floatmv D2t = 0.5 » D1_t = V0.t + 0.5 = DOt = V1_t;
const floatmv DO_t.dt = DOt + D1t = dt + 0.5 « D2t = dt = dt;
const floatmv VO0_t_05dt = VO_t + 0.5 = Vi_t = dt;
#pragma clucalec end
Displacement propagation: D(t + At) = D(t) + D(t) At + %ﬂ(f}(dt}z
Midpoint veloeity: 1:}, (t+ %:I = Vi(t) + Vi ( ﬂ%
Acceleration: Va(t + At) = et + Af) — f_?lggd:f,(f + At)
Velocity propagation: Vit + At) =V (E+ ) + 3Va(t + At)At
with . 1
b=1pv, (: pD = lDV},D‘ID)
2 2 2
g e Aow B 1o
= EDT;E, - EDH, = Eﬂlb + EDH
and with the Euclidean pseudoscalar
€133 = &1 A ex A e3
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»Better runtime performance
»Better Numerical Stability (Energy Conservation)

jgoa

J6ee

3488

Jaee

Total energy

2688

24008

22808 |

2008

Energy conservation, 1888 Holecules

3868 [

28688 n

Ennbentinnél snlueﬁ
Gaalet solver 1st
] | a

1 1 1 1 1 1 1
a 188 208 308 488 i) 668 7oe 808 968

Tine steps

1868
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Conclusion

= Geometrically intuitive

» Fast and robust implementations

W Gaalop @M]

€8] = 0.5% « px * v = r; J/f el einf

I_l Mew File 'gpen F1Iel & Save File |u| Close - &K Configure L C [g] e // el "el

[(wotcome [pameicnd C[11] = 0.5f « pyr » & % r; // e2 einf
— C[12] = — py; // e2 el

P = VecH3{px,pv,DZ)r J/ view point = - !

M= el; // center point of earth set to origin C [ 1 3] = 0.5F % P% ¥ I % I // ed el 'ﬂf

5 = M-0.5*%r*rteinf; // sphere representing earth C [ 1 4] = 7 - // 63 A ED

K = B+(E.S)*einf; /4 sphere around P P 1 . =

C=5~K; //intersection circle C [ = 5] = == & % T3 // £1 ﬂf ell
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