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Literature

= Chapter 3 and 7 of my dissertation
= Chapters 4 and 9 of ,,Foundations of Geometric Algebra Computing*
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Inverse kinematics application

= Optimizations on the algorithmic level

= Embedding of quaternions

= No need of trigonometric functions

= [Hildenbrand et al. ICCA 2005]
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= |dentification in geometric algebra: i = eq A ey,
Ji' = &1 N Eg,
k= o e,

Table 3.2: Quaternions in Conformal Geometric Algebra
grade | term blades nr.

=
0 scalar 1 1
—

1 vector €1. €9, €3, €7, Eag

[y |

E’] Mea, e ey, 3 eg,
HFJ HFJ

—k j —i

bivector €1 N Coagy €2 N Eogy €3 N B, 10
{-,1 M 'fj|:|. {12 Fa {)D* {’3 Fal pl:ll

[ S]
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The conformal representation of the Euclidean point
(v1, V2, v3)

1
P=v —I—;Vgem—l— €o (3.9)

a

the line through the origin e, and the point is
described by their outer product with the point at infinity e

LY =e, NP ey. (3.10)

The dualization calculation leads to the standard representation of the line (see figure
3.1 with a screenshot of the Maple computations)

L =wv(eg neg) 4+ valeg Aeg) + valeg Aey). (3.11)

or
L = vi+wvgj + v3k (3.12)
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Quaternion computations in Maple S UNIVERSITAT

> 1 := el &w e2;

fi=-g23
> j = el &w e3;

J=eld
> k := 2?2 gw el

k t=-gl2
> v3D = vli*el + w2%a2 4+ v3*eal:

viD =vl el +vZe2+1v3 e3

> v := conformal (v3D) ;

| 2 2 2 | 2 i 2 | |
vi=pl él +v2e2+v3ed+ =l  +2 +v3 Yed e (vl "2 +v3 )eS-—€ed +—e5
3 | 3 7 a3

> 1 dual := el &w v &w einf;
I dual :==v] eld5 +v2 €245 + v3 345

> 1 := dual(l dual);

Pi=-vi €23 +v2 el3-viel2

Figure 3.1: Quaternion computations in Maple

17.07.2019 | Technische Universitdt Darmstadt | Dietmar Hildenbrand



The imaginary units =

TECHNISCHE

UNIVERSITAT
DARMSTADT

z.z = (493 A t?‘g)z = €369 €363 = —€3 €269 €3 = — €363 = —1
— ~——
—eneg 1 1
2 o 2 __ . ] o . oy — vy — 1
7" = (Eﬂl AN 83) — €163 €163 — —€] €33 ] = — €181 = —
— — ~——
—Ezeq 1 1
L2 — (_el N (__'3.2)‘2 = 0169 €169 = —€] €269 €] = — €167 = —1
—— ~——
—Eeaeq] 1 1

For the multiplication of 7 and j we get

Ej = (\93 A\ Ez)(fﬂl N Eg) = €3E9€1Eq = E9E9E3E1 = €9 N €] = JI-:
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Accordingly

and

ijk =ii = —1

We recognize that the three imaginary units i, j, k are represented as the 3 axes in
Conformal Geometric Algebra. As for the imaginary unit of section 3.1 7 is representing

the x-axis as well as j and k are representing the y-axis and the z-axis.
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Quaternion product computations in Maple

> gl pure := v1l*i +vl2*]j + vl13*k;
gf _pure =-vil e23+vi2eld-vl3 el

> g2 pure ;= v2l¥*i +v22*j + va3*k;
g2_pure :=-v2l €23+ v22 el3 - v23 el2

> Q pure = gl pure &c g2 pure;
Q@ _pure :==-(vI1 v2] +vi2v22 +vI3v23) + (i3 v2]-vilv23Yyeld-(vI2v23 -vi3 v22)e23
+ (vi2 v2] -vi] v22)el2

> Test := cross(vll,vl2,vl3,v2l v22,v23) &c ell3;
Testi=-(vi3 v2] -vifv2Del3 +(vlI2v23 -viI3 v22)e23-(wI2v2] -vl] v22)el2

> Test2:= Q pure+Test;
Test2 :=-(vli v21 4+ vi2 v22 4+ vi3 v23)

» The product of pure quaternions is based on the scalar and cross product

b k)

Note : The square of a pure quaternion therefore is

Q1 = —(vi1v11 + V12012 + vigvrs) = —1 (3.18)
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Rotations based on unit quaternions

Rotations based on quaternions are restricted to rotations with a rotation axis going
through the origin. They can be defined as

O = etl (3.19)

with
L =vii+ vyj + vsk

representing a normalized line through the origin according to the Euclidean direction

vector of equation (3.8).
This leads to the well-known definition of general quaternions
) (3.20)

() =c nq[ ) + Lsin( -

lu| -
b | S

= | L has to be normalized!
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Rotations based on unit quaternions

With the help of the Taylor series and the property L? = —1 (see equation ( 3.18))

Q:Q%L

L2 (L2)2 (LL® (L9Y)* (LL)® (LL)®
:1+1f+(2ﬁ) +(;1,J +(j) +(rﬁ’J +(6;;)
_q1_ (§J2+ ()" (9)°
B 2! Al 6!

I N N

2 2 2
+L4 — L5+ L4

= (g] + L ::.111(%}
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Rotations based on unit quaternions

In Conformal Geometric Algebra we rotate an object o with the help of the operation

Orotated = (-2 ":'(:9 (321)
with (.:} being the reverse of (),
Q = cos(5) - Lsin(5) (3.22)

which is also indicated as conjugate of a quaternion.
Please note that for ¢ = 7 the quaternion ()

Q = "Ul'i + '?_32"}' + l-‘gk’- (323)

represents a line through the origin and the 3D point represented by the normalized 3D
vector (vq,v5,v3) as well as a rotation with angle ¢ = 7 about this line.

= Note: we’ll see an inverse kinematics algorithm using this property

17.07.2019 | Technische Universitdt Darmstadt | Dietmar Hildenbrand



TECHNISCHE
UNIVERSITAT
DARMSTADT

Direct computation of quaternions

» Compute a quaternion that L,
rotates an object from P, to P,

At first, we calculate the middle line L, between the two points through the origin.
In Conformal Geometric Algebra, a middle plane of two points is described by their
difference (see [64])
MTm = P]_ — Pg. [lel
We calculate the middle line with the help of the intersection of this plane and the plane
through the origin and the points P, and F,

T =e, NPy P ey, (7.2)

and get
L‘m = Te M M - [T.S]
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Direct computation of quaternions

» Compute a quaternion that L,
rotates an object from P, to P,

Second, in order to rotate from F, to /% we have to rotate around the middle line
with radius w. This results in a quaternion identical with the normalized line (see

section 3.2.3)

L‘m

Q= T (7.4)

In figure 7.1 the two points P, and F, are indicated by two blue spheres. They can be
transformed into each other based on a rotation around the blue middle line.
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For efficiency reasons we use an approach to calculate quaternions without the need of
using trigonometric functions. According to equation (3.13) a quaternion describing a
rotation can be computed with the help of half of an angle and a normalized rotations
axis. For example, if L =i = e3 /\ €9, the resulting quaternion

@ C LD
= ¢cos(—) 4 sl —
Q (3)+isin(3)

[ [
= c:os[i} + (e3 M eg) sin(%
2 2
represents a rotation around the x-axis. The angle between two lines or two planes is
defined according to section 6.1 as follows:

0y - 03

cos(f) = %, (7.5
o] |e3]

We already know the cosine of the angle. This is why we are able to compute the

quaternion in a more direct way using the following two properties of the trigonometric

functions

) 1 + cos(¢)
os(—) =+ —— % 7.6
ccrs(g] 5 (7.6)
and
o 1 — cos(¢) - -
5111{5) =+ — (7.7)
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Efficient computation of quaternions

leading to the formulas

]_—I— D 0,
rwa _ ¢ (7.8)
and
PN i .
Hl]lL—,l =+ — (7.9)

The signs of these formulas depend on the application.

= Note: no need of computing trigonometric functions in case of the
computation of a quaternion describing the transformation of a joint angle
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Inverse kinematics algorithm

= Chapter 9 of the book ,Foundations of Geometric Algebra Computing*
(Avalon.clu)

% ClUCalc v4.3.2 by C. Perwass - Avalon

Wisualization Code -Eresenta{ibn Wincionn:

Standard Mouze hode =

Step 1 : calculate the elbow point pe

e sphere around py, L,

S1 = Puw — %L%em D

e sphere around shoulder eg
172
Sz = ep — 5L7ex

e swivel plane gy ivel '

® intersect

PP =8{ ANSa A
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Inverse kinematics algorithm

TDOF-arm-like kinematic chain

e 7 degrees of freedom Ly
3 : shoulder Pw
1 : elbow

3 : wrist

e swivel plane constraint

— reduce the number of solution

— based on the approach
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Inverse Kinematics of a human-arm-like robot

choose target L,
position p,, ‘ D

define the swivel plane
through shoulder and p,,

calculate the joint angles '

and /or quaternions accordingly

calculate the quaternions
gs (shoulder) and ¢
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Inverse kinematics algorithm

Step 1 : calculate the elbow point p,

e sphere around p,, Ly y
Sl = Pw — %L%Bm pw

e sphere around shoulder e
_ 132
Sg = €n — ELlem

e swivel plane sy ivel

e Intersect
PP = 51 N 52 A Mswivel

e and choose one poin
of the resulting
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Inverse kinematics algorithm

Step 2 : calculate the elbow quaternion q. /

o line,. = (eg A pe A €5o)* L

o line.yy, = (Pe A\ P A €00)*

ol

:
e »
DI

e g. =cos(0/2) + sin(6/2) x 1

1—|—C4 — 1—64 .
v 5 z/ 5 * 2

e ¢y =cos(fy) =

|

Iqe
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Inverse kinematics algorithm

Step 3 : compute middle line between p. and p..

e .. — Ll * €3 + %L%Boo + €p

e middle plane
TAM — Pze — Pe

e plane through p. and p..
Te* = €0 N\ Pze N Pe N €xg

e intersect the two planes
Ly = TN To0s
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Step 4 : rotate to the elbow position
e rotate around the middle line ﬁﬁ L_Y
with angle w Pw

qi12 = cos(§) + o sin(5)

SV
® 12 — Tnr]
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Inverse kinematics algorithm

Step 5 : rotate to the wrist location

® T,. =e€]
yz L:’,F

® Tyz2 = (412 Ty=z {12

e calculate the angle between the plane
Ty-2 and the swivel plane

* ">
Tryz? T swivel

¥
|Tryz2]

c3 = cos(f3) =

E
T o
swivel

o g3 =E[GE4[GE Ak

® §s = 41243
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Thanks a lot ...
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