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Inner Product Calculations in 5D
conformal GA
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The geometric product of 2 basis vectors
(revisited)

geometric algebra G

with n=p+gq

define
(1 for i=j0O{l,..., p)
ee; =4-1 for i=jU{p+1,.., n}
e; =e Ue;, =—e; e, for i#j
Note :

Conformal Geometric Algebra = G, ;:
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The two additional base vectors

The Conformal Geometric Algebra uses 2 addi-
tional base vectors ( e, ,e_ ) with the following
properties.

e =1 e’ = —1 er-e_ =0 (3.1)

+ —_
Another base ( e.,e, ) can be defined with the
tollowing relations

1
—(e_ —eg) Co = E_ + €4

3 _
€, =
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The two additional base vectors
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= .. are null vectors

E_ =€, + —€

2

The outer product e, A e, is often abbreviated by

E.

g - €p = —1
1
£, = —¢& — &
—+ P o0 o
2
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The inner product between conformal vectors

P-5= (p + Pafoc + p'-'f’eﬂ) ’ (5 + S4€c + SEEG)

=PpP-S+S54P-Cx +S5P-Es
&.,—-f S
0 0

X 12 V g 2 2
+Pg €oc S +P4Sy €L, +PaSs Eag * €,

0 0 —1
+P5 €0+ S +P551 €0+ € D555
) — 0
It results in
P-S=p-s—psss —psss (3.6)

or

P -5 = pi151 4 pasa + pass — psss — pass
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The distance between points

In the case of P and S being points we get

1
Pa = Epzypﬁ =1

1
54 = 352,35 =1

Fa)

The inner product of these points is according to
equation 3.6

-y 1 2 ]_ 2
P-b—p-s—is —5Pb

F<

-
We recognize that the square of the Euclidean dis-
tance of the inhomogenous points corresponds to
the inner product of the homogenous points multi-

plied by —2.
(s —p)* = —2(P-5)
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Distance between point and plane
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For a vector P representing a point we get

L,

Pr=5p%ps =1

For a vector S representing a plane with normal
vector n and distance d we get

s=mn,s; =d,s5 =0

The inner product of point and plane is according
to equation 3.6

P-S=p-n-—d

representing the Euclidean distance of a point and
a plane.
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Point inside or outside of a sphere?
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For a vector S representing a sphere we get

1

Sl = é(

The inner product of point and sphere is according
to equation 3.6

202 2 2 o
57+ 854 85 —17), s5 =1

. 1 . : 1 .
P*L‘_'JT: *;'——,_'2—-‘3 _.2
p-s—g(s re) — 5P
1, 1, 1,
= D5 — —5 —r° — D
I 5 —I—2 21
1, 1
_2}* —E(E —2p- 5—1))
1, 1 5
_Qr 5(5_13)
We get P.S>0:
2P-S)=r—(s—pf!  P.S=0
P.5<0:

p is inside of the sphere
p is on the sphere
p is outside of the sphere
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Distance measure: Inner product of point and TECHNISCHE
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".,. \ /
N\ \, /
al b)
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Analysis of point clouds

= normals
= curvatures
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Analysis of point clouds

= normals
= curvatures

What are the most interesting local fittings of geometric objects?
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Fitting of geometric objects into point clouds

» Plane fitting
= Normal vector

= Sphere fitting
= curvature
Note.: osculating circle in tangent direction
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Curvature =0 at point p; DR
e Line Kk =0
e Circle Kk > 0

e Point Kk — o
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e Line k=0
e |Circle Kk > 0

e Point K — o
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Infinite curvature at point p,

e Line k=0

e Circle k >0

e Point K — o0
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Overview

= Conventional fitting of spheres

= Fitting of spheres in GA

» The role of infinity

» Planes as a limit of spheres

= Fitting of spheres or planes in GA

= Fitting of osculating circles in point clouds
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Conventional fitting of spheres

Given a set of points {(x;, y;, z;)}/L,, m > 4, fit them with a sphere (x — a)*+
(v — b)* + (z — ¢)* = r?, where (a, b, ¢) is the sphere center and r is the sphere
radius. An assumption of this algorithm is that not all the points are coplanar. The
error function to be minimized is

m

Ela: byt t) = Z(LF — )

=1

where L; = /(x; —a)? + (y; — b)2 + (z; — ¢}

[Eberly, 2007]

= Note: sphere isn’t one algebraic expression
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Conventional fitting of spheres
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Take the partial derivative with re-
spect to  to obtain

E —ZZ(L =7

Setting equal to zero yields

Take the partial derivative with respect to a to obtain

m il 3
oL,
——-EZ(L —r) Z({x,——a}-l—ra—')

=1 o

take the partial derivative with respect to b to obtain

m m

aLi
E_zzu —r)—:—ZZ( ——b)J—rW)
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Conventional fitting of spheres
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Setting these three derivatives equal to zero yields

i i

] oL,
a=— e r— —_—
m m = da
and
i i f} iE‘
Y e
i=1 p=] E”}
and

fil i

] 1 dL.
Cz—Zz,wJ—r— —
m M de

=] =1
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Conventional fitting of spheres

Replacing r by its equivalent from @E/dr =0 and using 9L;/9a = (& —
dL;/0b= (b~ y;)/LjyanddL;/dc = (¢ — z;)/L; leads to three nonlinear s
ina, b, and ¢:

a=i+LL,=:F(a,b,c)
b=5+ LL,=:G(a,b,c)
c=z+LL,=H(a,b,c)
where
L ] m
X =— X;
o
) l m
y=— )
(e
m
1
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Conventional fitting of spheres

i
- I ad — X
P
n' m; L,‘
= 1 m b—}'i
Ly=— o=
LT L;
1 in C— 7z
I~ '
d mz L;

i=1 .

Fixed-point iteration can be applied to solving these equations: @y = X, by = V=12
and a; . = F(a;, b, ¢;), bipy = G(a;, by, ¢))s and ¢; ., = H(a;, b;, ¢;) fori = 0.
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Benefits of geometric algebra

» Easy computations with algebraic objects describing spheres, planes and
circles ...
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Fitting a sphere to 3D points

= Distance measure for the fitting?

» point P
= sphere S

-8 = 0 p 1s inside of the sphere

W T T

S
-5 =0 pis on the sphere
& < 0 p 1s outside of the sphere
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For a vector S representing a sphere we get
1 . . . .
Sy = §(3‘f + 55+ 52 —12), s5 =1
The inner product of point and sphere is according
to equation 3.6
i 1. . : 1 .
P-S=p-s— E(s‘z —r?) — Ep‘z
=p-S— =8 +—1"——p
prs=gs+gr —3l
1, 1
=37 —5(5 —2p-s —p?)
1 1 .
= 2*“ ’ 5(5 - P)E
We get P .5 >0: pis inside of the sphere
2(P-S)=7r*—(s—p)° P-S=0: pison the sphere

P .5 <0: pisoutside of the sphere
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Fitting a sphere to 3D points

a point set p; € B3, i € {1,...,n} will be approximated with the help of a

sphere. The inhomogenous points p; are represented as
1, .
Pi=pi+ 5P1 € + e (6.16)
and the sphere S with inhomogenous center point s and radius r is represented as

with
i i -\.-l' -\.-'..
sg= —(s? +s5+s3—7r2)

o | =

[Dissertation Hildenbrand |]

= Correction:; r*\2
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Fitting a sphere to 3D points

The inner product between a point P; and the sphere S is defined by

1
—]:-iEE.x. +en) - (84 sq€00 + €p)

this results in

|
P;-S=pis—spi° -
2
or
4
Pg -8 = uy 181 + Wi 252 + Wy,353 + Wy 454 + Uy 5 = Z[w@__jsj) + W5
i=1
with
Pi.k ke{l,2, 3}
wi =14 —1 .k :4
—ipi® k=
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Fitting a sphere to 3D points
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n

m?'.n.z (P, - S)z

i=1

In order to obtain the minimum we have the following 4 necessary conditions

o AT (P-S)P) & 9P, -S)°
vke{1.4}: i=1 = — =0
S L4 s, Z s,
i=1
With the help of
9(P, - S) _ P S (P S)
D5y, b s},

and

~ E _1 . N
. - . = Uy I
s Dsi, e

we obtain

N a(P, - S) "o | |
Tk e {1.4}: o2 2 (Z(m.; $jWi k) +wiswig) =0

i=1 j=1

= Correction: Missing sum sign
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Fitting a sphere to 3D points

-

The result of the least squares approach is as follows :

o=t PitPit L Pi2Pit Yic PigPit ~ Yim Pit § i P
Doz PitPi2 Dymi Pi2Pi2 Doy PigPiz ~ Dum Piz | %Zz 1P pzﬁ (6.22)

— NPl iy Pi2 — i Pia Yaiy 1 QZE pi

with p; 1, pi 2, pi.3 as inhomogenous coordinates of the points p;. The result s = (s1, s, 53, 54)
represents the center point of the sphere (s, sg,s3) and its radius in terms of r? =
7+ 53 453 — 28y

15.07.2019 | Technische Universitat Darmstadt | Computer Science Department | Dietmar Hildenbrand | 31



& ‘A TECHNISCHE
\ . UNIVERSITAT
Oy — DARMSTADT

Fitting of sphere or plane into a point cloud

In CGA : 5D vector with shortest distance
measure to the points ?

» Planes and spheres are
vectors . e P

= [nner product as a distance

measure \\
) - ! N - LY 1
P | L L1

» Least squares approach \

n "
min Y (X;-S)°
i=1

= Result: eigen vectors of 5x5
maitrix
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Plane as a specific sphere

= sphere

= plane

T =n+ de.,
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Plane as a limit of spheres

= What happens with infinitely increasing radius?
= at first: What is the role of infinity?

n
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Origin sphere with infinite radius?

this origin sphere (p = eq) is represented as

1
S = —5?"29,_,0 + €q (4.1)

Another homogenous representation of this origin sphere is for instance its product with

the scalar —?—,25

S =

2 2
',I"_ £ {—12}

S = ey —
2 oo = 13

Based on this formula and on the fact that S and S are representing the same sphere
we can easily see that an origin sphere with infinite radius is represented by e,

lim S =e.

T

It can be shown that this is frue not only for an origin sphere but also for a sphere with
an arbitrary cenfer point.

= Exercise?
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Let us now assume an arbitrary Euclidean point x (not equal to the origin) represented
by the conformal vector P
1
P=x+ Exgem + €
with the Euclidean normal vector n in the direction of x
x=tn, t>0 n?=1
Another homogenous representation of this point is for instance its product with the
alar 2
scalar = Ly
' 2 1 2
P'=—(x+ =XxX"e.. + )
X2 2 x
- I
/ i
4
PE L.
. =
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2 2
P =—x+e,+—en

x2 x2
We use that form in order to compute the limit lim,_. .. P’ for increasing x. Since x = tn
we get

P=_ 2
= 2 n—+ €.+ TN £€p
and since n® =1
p 2 2
= EH + e + t—zeg
Based on this formula and on the fact that P and P’ are representing the same Euclidean
point we can easily see that the point at infinity for each direction vector n is represented
by €.
o oo . , Ly
lim PP =e.
t— oo
™
P o
.
A L,
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Plane at infinity?

Let us consider a plane with an arbitrary distance d # 0 to the origin. According to
equation 2.26 this plane is represented as

T=n+de, (4.3)

with the 3D normal vector n. Another homogenous representation of this plane is for
instance its product with the scalar é

1
"I = F oo ek
T e (4.4)

Based on this formula and on the fact that 7 and 7' are representing the same plane we
can easily see that a plane with infinite distance to the origin is represented by e..

lim 7 = e
]
d—r-:x_‘.-
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Plane as a limit of spheres

a sphere S

] 1. . ‘ A
S =8+ 5(52 — e, + € (4.5)

with Euclidean center point s and radius r degenerates to a plane as the result of a limit

process.
Depending on whether the origin lies inside or outside of the sphere the minimum

distance from the origin to the sphere is

d=r4+Vs?

[f the origin lies inside of the sphere

r=vsl4d

or . f \
r? = 8% + 2dV's? + d 4 e
I-I .IIII||HJ
and the sphere can be written as . X
I '.III
S=s+ %{52 —s? —2dvs? — e +ep | Hlll"l.;;
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Plane as a limit of spheres
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or

) 1 —

S =g+ —(—2dVs? — d®)e.. + eq
With s = —tn and s? = t?n? we get

—~ ]_ . _2 2L

S=—tn — a(ﬁa‘riv’n + d° e + €
or )

5 32 . £0

1 — i
] —'?':' A 2 — D L — —
11—|—2|L...rh=’11 + ; )€ ;

S 1 d? .
lim ——=n+ lim —(2d+ —)e.. — lim —
2 t f—oo T

f— o ft—o0 &

S
lim —— =mn+ de_,
t—oo f
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Vectors in GA

S = 5161 + 8202 + s3€3 + S465¢ + S5€0

sphere plane

S =s+s4e~c + e T=n-+de~
with

— the normal vector n

l 2 . l 3 . 2 7. = (n1,n2,n3)
Sp= =8 —F )= =857 +s3+53 1] = nyeq + nees + naes
2 2 — and distance d

to the origin
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A distance measure between a point F; and the sphere/plane S can be defined in Con-
tormal Geometric Algebra with the help of their inner product

. 1 5 . ,
F,-S=(p;+ 5Pi"€oc + €0) - (S + S4e00 + S5€0)

F
...'_‘
e
o
—

According to equation (5.10) this results in

. 1
Fi- S =I3'i'5—54—3«‘3‘5[3'12
or )
P,-S=) wys; (5.26)
i=1
with
Pik ke {]. 2, .3}
Wi g = —1 EEJ =4
1.2 =5
gpj =J
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Fitting of sphere or plane into a point cloud
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» | east squares approach with constraint |s|=1 min i (X 52
(i
(Lagrange) i~
biy b2 by by bis
o r _ bry by bay bag bys
"IN bl|lneal’ fOI’m min II_\ B_‘a | W|th B = h;_| h.‘\.f h.‘\._‘\ ;’?_:_4 h_\,l_;
h_u h_'Lj !lir_-l_lj‘ 1‘?_1_4 h—'l—.i
bs) bsa bsy bsy bss
= |ntroduce L L=s"TBs—0=s"Bs—AsTs—1),
sTs=1
Bl =B
= Necessary condition 0=VL=2 (Bs—his)=0
= Eigen vector of B with smallest eigen value — Bs = ks

n

h_.".ui.! — E H'r'.jﬂ.?g.j\-.

i—1

[.Matrix Analysis®, Horn/Johnson]
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Results

Point x v z

pp 1 0 0
pp 1 1 0
pp 0 0 1
psg 0 1 1

ps -l o@

S=0.57735%el +0.57735%e3 +0.57735 x e~
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X

Point

)

(

P

0

P2

)

0

P3

0

P4

NINININOGE
AVAVAVAVAVAVAYAT/
N SAVAVAVAVAVAVY
NS

Ay oy g e R

.-ﬂ.rr..w‘

Ty P
b

ey —0.3e3 — e~ €

3

5 — —ﬂ.S{-.’[ -|—ﬂ.
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Curvature estimation for point clouds

= 2D:
= Osculating circle
-> curvature = inverse radius
= 3D

= Same for the osculating circle in
tangent direction
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Curvature estimation for point clouds

= Estimate osculating circle locally in
point cloud

= depending on different tangent
directions

In more detail:

» Estimate osculating circle or line
locally in point cloud depending on
different tangent directions

= Includes vanishing curvature
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Example hyperbolic point

= Curvatures with different signs
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Sphere example

= Curvatures with same
signs
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Algorithm for circle/line fit

» Estimate normal vector n locally at x

= Determine points P; in desired tangent
direction y

= Estimate sphere in the points P;
= with center point in normal direction

-> the radius of the sphere describes the
curvature in the desired direction
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Curvature in one tangent direction

= |n the estimation radius

» Result is plane/line (no curvature
= Otherwise: osculating circle
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Curvature = circle fit in all directions

= Determine curvature in
eight directions

= Approximate curvatures

04
225 45 67.5 B0 1125 135 1575 180

phi
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Future work

= |inear equation instead of Eigen vector \
determination 2 \
= Bachelor thesis Roman Getto: i

» Verbesserte Hauptkrimmungs-
bestimmung in Punktwolken durch
optimiertes Schmiegekreisfitting auf
Grundlage der Geometrischen Algebra

» | east Squares completely in GA

= Recognition of geometric objects
(cylinder, torus etc.)
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Thanks for your attention
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