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Overview

= Compass Ruler Algebra o

= Visualizations with Gaalop
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Goal of Geometric Algebra

= Mathematical language
close to the geometric
intuition combining
geometry and algebra
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Compass Ruler Algebra

=4 basis vectors:
® 15 E2 ez
® ¢ @ origin

® (. : point at mfinity
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Compass Ruler Algebra

The 16 basis blades of the Compass Ruler Algebra.

Index|Blade Dimension

0 1 0

1 £1 1 e2 /
2 £9 1

3 £ me 1

4 €0 1

) 21 Moen 2

(§] 21 M Eac 2

T e1 Mep 2 0 € 1
al €2 M Eoc 2

9 22 Moep 2

10 Eao N ED 2

11 £1 M e N eqg 3

12 ey MNea Aeg 3

13 g1 M e N Eep 3 4

14 £3 M oc M ED 3

15 e1 A ez M esc Nepld

Dietmar Hildenbrand | Compass Ruler Algebra | TU Darmstadt



Compass Ruler Algebra

Entity |[IPNS representation OPNS representation
Point P=x1e1 4+ x0€a + —|—%(:;::f + :;:%}f:m + ep
Circle =P — %T'EEDC =Py APy A Py
Line L =n + de, L*=Pi APy ANeo
Point pair| P, = C'1 A C2 PJ = P A Ps
|| Baalop VisZd P
| :l")IH
f
|
| 13
!_ 1'JEI.dd-T
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Compass Ruler Algebra

Meaning of the products:

= Quter Product
= Generation of geometric objects
» [ntersection
= Inner Product
= Distance Point-Point
= Distance Point-Line
= Angle between Line-Line
= Distance Point-Circle
= Geometric Product
= Rotation
Translation
Reflection
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4] Gaalop Viszd o) ]
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Inversion (Ex. P = Ce..C' center of a circle as the inversion of infinity)
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www.GaAaLOP.DE

: Red ;

:P1 = createPoint (2,1);
:P2 = createPoint (1,3);
:P3 = createPoint (2 ,4);
: Blue ; : ——
.C = *(P1"P2°P3); Visualization

Symbolic Optimization | ™= =n mEmn /J _
. 4 1 =
Latex, C/C++ ...
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www.GaAaLOP.DE

Pl
B2

cregtePoint (x1,v1) ;

createPoint (x2,v2) ;

ff intersect two circles with center points Pl and P2 with the same, but arkitrary radius
51 = P1 - 0.5%r*r*einf;

32 = P2 - 0.5*r*r*einf;

FE_dual = *{31~532):

f/ the line thru the two points of the resulting point pair

?Bisector = * (FF_dual~einf);

‘Entity |IPNS representation |DPNS representati0n|

|Point |P = zie1 + zaea + + 3 (a1 + x3)enc + o] |

Circle C=P— jriey C*=P, APy A Py

Line L =n+de. L* =P APy ANey

[Point pair|P, = C1 A Ca [P, = PLA Py | |
"
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Proofs with Gaalop

Proof, that the perpendicular bisector is equal to the difference of the two points

| i e Visae =

Pl = createPoint(xl,vl); | i _\\\
P2 = createPoint(x2,v2); [ H \

[/ intersect two circles with center points Pl and F2 with the same, but arbitrary radius \\ \\

51 = P1 - 0.5*r*r*einf; ( P \

52 = P2 - 0.5%r*r*einf; |I /
PP dual = *(51~32); \ \

[/ the line thru the two points of the resulting point pair \ x
?Bisector = * (FPF_dual~eini); \,ﬂ_\_\_ \

3 H . \

void calculate(float x1, float x2, float yl, float y2. float Bisector[16]) {

Bisector [1] = %2 — x1; // el

Bisector [2] = ¥2 — y1; // e

Bisector [3] = ((¥2 » ¥2) / 2.0 — (¥
+ (x2 * x2) [/ 2.0) —

— el
-
%
|_|.|
o —
b

}
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Compass Ruler Algebra

Basic Entities

Entity IPNS representation | OPNS representation
Point P=x+ %xzem + ep
Circle C'=P—rie. C*=PiANP,\P;
Line L =n+4 de L* =P NPy Ne
Pomt pawr | P, = C; A Cs P; =PirnP
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GAALOP

= Software to
= visualize (2D/3D) Geometric Algebra
= compute with Geometric Algebra (of arbitrary dimension/signature)
= generate optimized source code from Geometric Algebra

= GAALOP (free download from )

www.GAALOP.DE
GEOMETRIC ALGEBRA ALGORITHMS OPTIMIZER

Startseite = Documentation Download About | Imprint

Geometric Algebra Computing lecture  Dietmar Hildenbrand

Welcome to the GAALOP website!
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GAALOP reference

Focus on ,Symbolic Geometric Algebra Calculator”

= ,Introduction to Geometric Algebra Computing*
= Dietmar Hildenbrand
= CRC Press, 2019

INTRODUCTION TO

GEOMETRIC
ALGEBRA
COMPUTING
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r:F": CRC Press

Halg 343




Indices of blades of compass ruler
algebra for GAALOP

Index | Blade

0 1 .

1 e % INTRODUCTION TO

D & 2. GEOMETRIC

I :  COMPUTING

D e1 N eo =

6 €1 N € f

7 e1 Neg E

8 €9 N € E]

9 €a N €p g

10 €oc N €g

11 e1 N\ eg A e -

12 e1 Nea Nep g:

13 €1 N e NEg

14 €9 N e Neg ?

15 e1 Neg Neog A eg




Point

Two alternatives

= x1 =2;

= x2 =1;

" P1 =x1"e1 + x2*e2 + 0.5"(x1*x1 + x2*x2)*einf + e0;
» P2 = createPoint(x1,x2);

Ll | Gaalop Vis2d




Point

Additional GAALOP Code for Visualization

e Gaalop Wis2d

= // visualize the points
= :P1;
= :P2:

Remark: Comments with leading //




Point

Additional GAALOP Code for numerical output )

| Gaalop Vis2d - O b4
= 7P1;
= ?7P2;
leads to
= P1(1) =2.0// et
= P1(2) =1.0//e2
= P1(3) = 2.5 // einf
= P1(4) =1.0// €0
= P2(1) =2.0// et
= P2(2) =1.0// e2
= P2(3) = 2.5 // einf
= P2(4) =1.0// €0




Circle

Circle based on the outer product of three points

| Ganiop Vis2d

= :Red;

= :P1 = createPoint(2,1); ] f”ﬂff\}\

» :P2 = createPoint(1,3); ;’/ | |

= :P3 = createPoint(2,4); T 1T T 17T ] \
= :Blue; | | }
= :C = *(P1"P2"P3); n /
26 S [ T e

308|447




Circle

Circle based on the outer product of three co-linear points

n :Red; | |&| Gaalop Vis2d = O
:P1 = createPoint(2,1); | |
:P2 = createPoint(2,3); | '
:P3 = createPoint(2,4);

= :Blue; 1
= :C = *(P1"P2"P3); |
= 7C;

\ 4

Circle with infinite radius




Line

based on the outer product of three points (including point
at infinity)
.;gJGaalap'I.I’is}!d - O

= :Red; :
:P1 = createPoint(2,1); | 1
:P2 = createPoint(2,3);

= :Blue; l
« :L = *(P17P2%einf); |
= ?L;

\ 4

Circle with infinite radius




Line

based on normal vector and distance to origin

rié] Gaalop Visdd =
= n1 =sqrt(2)/2; |
= N2 = sqrt(2)/2;

= n=ni*el + n2*e2; |

=d=2; |
|
_*i

= :Line = n + d”einf;

FIGURE 3.7 Visualization of Line.clu: a line based on the normal vector
% 2% (1,1) and the distance d = 2.




Point pair ...

... as the intersection of two circles

=d=1;

| Gaalop Yis2d

E I - -

"r1=1;
"r2=1;

= :C1 = e0-0.5*r1*r1*einf;
= :C2 = createPoint(d,0)-0.5*r2*r2*einf;

= PP = C17C2; :

T




Perpendicular Bisector

Line through the intersections of two circles

P1 = createPoint(x1,y1);
P2 = createPoint(x2,y2);
S1 =P1 - 0.5"rr*einf;
S2 = P2 - 0.5*r*r*einf;
PP = S17S2;

?L = *(*PP"einf);

|£ | Gaalop Vis2d




Perpendicular Bisector

Additional GAALOP Code for Visualizations

x1=1; |£ | Gaalop Vis2d — [] X ‘Red;

y1=2; P1;

X2=2: :P2;

y2=3; :Blue;
:S1;
:S2;
:Green,;
L




The difference of two points

[ | p1 — 1; || Goolop Visid

= P = createPoint(p1,p2);
= Q = createPoint(q1,02);

= Diff = P-Q;




Compass Ruler Algebra

Angles and Distances

TABLE 2.3 (Geometric meaning of the inner product of lines, circles and

points

A-B B Line B Circle B Point

A Line Angle between lines | Euclidean distance | Euclidean distance
from center
A Circle | Euclidean distance | Distance measure | Distance measure

from center
A Point | Euclidean distance | Distance measure | Distance




Distance Point-Line

|£] Gaalop Vis2d - = X
* n1 = sqri(2)/2;
» N2 = sqrt(2)/2;
=d=1;

= P = createPoint(p1,p2);

= | = n1*el1+n2*e2+d*einf;
= :P; /

LI I

= ?Result = P.L; » Result(0) = 1.121320343559643 // 1.0




Angle between two lines

(=] Gaalop Vis2d — 0

* n1 = sqri(2)/2;
= N2 = sqgrt(2)/2; ]
=d=1; SN

» L1 = e1+d”einf; ™
= L2 = n1*e1+n2*e2+d*einf; T

» :Red; B

"
\n.
"
- .L-I . ! ! ! ! e
. 3 ™,
k!
\-\.
I | ! } %

= 2:

= ?Result = L1.L2; Result(0) = 0.7071 // 1.0
= ?Angle = Acos(Result)*180/3.14159; Angle(0) =45.0 //1.0




Compass Ruler Algebra

Geometric Transformations

TABLE 3.4 The GAALOPScript description of transformations of a geo-
metric object 0o in Compass Ruler Algebra (note that el2 is the imag-
inary unit i).

operator Transformation
Reflection | L = nl1*el4n2%e2 + d* einf -L*o™L

Rotation R = cos (phi/2) - el12 * sin (phi/2) | R*o™(~R)
Translation | T =1 - 0.5%(t1%el+t2*e2)*einf T*0™(~T)




Reflection

... of acircle at a line 4] Gnlop Viza__

= X=1;
" y=3;
" r=1;
= x1=0;
= yl=-1;

= X2=3;

" y2=2;

= .0 = createPoint(x,y)-0.5*r*r*einf;
» ;L = *(createPoint(x1,y1)"createPoint(x2,y2) einf);
= oRefl=-L*0*L;




Reflection

... of acircle at a line

= .0 = createPoint(x,y)-0.5*r*r*einf;
= :.L = *(createPoint(x1,y1) createPoint(x2,y2)"einf);
4| Gaalop Vis2d : ol S

= oRefl=-L*0*L; L] Gealop Vi

= ?20Refl;

oRefl(1) = 72.0 // e

oRefl(3) = 135.0 // einf

oRefl(4) = 18.0 // e0
or

ORefl = 72€1 + 135e~ + 18¢g




Reflection

... of acircle at a line

= .0 = createPoint(x,y)-0.5*r*r*einf;
= :.L = *(createPoint(x1,y1) createPoint(x2,y2)"einf);
4| Gaalop Vis2d : ol S

= oRefl=-L*0*L; L] Gealop Vi

= ?20Refl;

T

oRefl(1) = 72.0 // e

oRefl(3) = 135.0 // einf

oRefl(4) = 18.0 // e0
or

ORel = 7261 + 135€0q +




Reflection

... with normalized objects

= .0 = createPoint(x,y)-0.5*r*r*einf;
» L _notnormalized = *(createPoint(x1,y1)*createPoint(x2,y2)"einf);

= :L = L notnormalized _notnormalized): i
|§;J Gaalop Vis2d —

= oRefl=-L*0*L;

= ?20Refl;

Al

= oRefl(1) = 4.00 // e

(
= oRefl(3) = 7.50 // einf
= oRefl(4) =1.0// e0

or ORefi = 4e1 + 7.5es + €




Rotation

... of acircle

= X=3;

= y=0;

" r=1;

= angle=90;

= alpha=(angle/180)*3.1416;

= | =elle2;

» P = createPoint(x,y);

= Circle = P -0.5*r*r*einf;

» Rota = cos(alpha/2) - i* sin(alpha/2);
= Circle_rot = Rota * Circle * ~Rota;

| &) Gaalop Vistd




Translation

... of acircle

m X=3;

= y=0;

"t1=1;

"2 =1,

" r=1;

» P = createPoint(x,y);

= Circle = P -0.5*r*r*einf;

= T =1-0.5%(t1"e1+t2"e2)"einf;
= Circle_trans =T * Circle * ~T;

|8 Gaalop Visdd




Rigid Body Motion

Rotation of a circle around a point

» Xx=3; y=0; r=1;

{1 =1;12=1;

= angle=90;

= alpha=(angle/180)*3.1416;
" j=elhe2;

» P = createPoint(x,y);

= Circle = P -0.5*r*r*einf;

L&y Gaalop Yis2d

» Rota = cos(alpha/2) - i* sin(alpha/2);
= T =1-0.5%(t1"e1+t2%e2)*einf;

= Motor = T * Rota * ~T,;

= Circle_rot = Motor * Circle * ~Motor;
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